


§ Unitary & orthogonal operators

Recall
: If TT*=T*T=I , then

• F- ¢
.

T is called ahnitay operator
• f- = ☒ .

T is called orthgmf operator .



Theorem
: V is finite- dim inner product space . Te IW)

.

-

Then the following statements are equivalent :

(a)
.

TT't = -1*-1=1
.

(b)
.

T preserves the inner product on V.ie , (Tcñi . Tej,) -1×-35
'
>

(c)
. If B is an ostraconfor V. then TCM is an orthonormal basis

.

(d)
. 7- an orthonormal basis for V s.t.TN is an orthonormal basis

(e)
.
1117×711=11×71 b-It V.



poof .

(a) ⇒ (b) . <Text . Tej ,> =ÑTÉÉD=cx→j>
=

(b) ⇒ (c)
.

Let P={v7 . - - -

,
v5 } be an orthonormal basis for V.

Then 4TH
, TIVJD = < vi. VJ> = Sij

⇒ Tip⇒ Tais .

- . .

, Tati, } is an orthonormal basis .

(C) ⇒ (d) : trivial
.

(d) ⇒ (e) : Take I' c- V . Let p={ vi. - - ;Ñ} be an orthonormal basis



Such that Tcp >⇒ Tevis .

. -
.

.
Tevis } is also orthonormal

.

Suppose ✗→=Éaivi→ ,
then 1*11? É lait

F-i I = ,

Tai)=ÉaiTcñ , , hence 11T¥ , /F- É lair
in it

(e) ⇒ (a)
.
Want to show U := I- -1*-1 is Zero operator .

gy*,y⇒
Let I'c-V. then Lñ

.
HE > =# ft-7T)x→> N

= <F. I
'

> - < ☒
,
-1*-1×-7

= 11×71
'
- 1117×7112

= 0



Note
: U is self-adjoint : U*=(I-T*T)*= I - 1-*T.tl .

The lemma below implies U= To the Zero operator .

⇒ -1*-1=1
.

Since T is invertible
.

We also have -1T¥I.
☐

Lemma : Let U be a self-adjoint operator on a finite-dim inner product space-

If CI.tl#7--oV-Ic-V .
Then A- To

.

-



for either f- = ¢ or ☒

Pf : By the main -1hm? 7- an orthonormal basis
'

P of eigenvectors of U
Let * c. p ,

then U=7x→ for some 7 c-F.

and 0 = GF , UCI's> = < I
, 1×-3=511*112--5

⇒ 7--0 .

⇒ UH)=OÑ=0 If * c- P
.

⇒ U= To ,
the Zero operator .

☐



Analog on> Matrix Theory :
A c-Munch is unitary if A*A=AA*=I

.

At MnxnUB) is orthogonal if A?A=AAT=I
.

Notation :↳ = Set of nxn unitary matrices .

a Max. (G)

In)= Set of nxn orthogonal matrices .

c Mum CRH
.



AH ite. "

Hen

Cw¥y :
Let A- =/Fifi . . .fi/c-Mnxn4--)wherevTi-:Vn' are column/ I /

vectors in fh .

then A is unitary (resp . orthogonal)

iffp-tvi-n.vn } is an orthonormal basis for ①
"

Crop . B)

F± Rotation matrix ( lost
- Sino

) £ Of,
Siro oso



Def_ Two matrices A , B t Mnxn (6) are unitarily equivalent

if 7- PEW St
. B =P !+AP

.

Rink: - Note that PEP" for Pelton ? So
. A- FAP

.

⇒ A and B are similar .

• B=p*AP =p-'AP ⇒ A =P BP
"

=P BP
"

=p*j*Bp*



¥5M : Let At Mainly . Then unitarily diagonal#able
✗

A is normal if A is unitarily equivalent to a diagonal matrix
i. e
,
7-pc-UCM.tt#AP-isdigonb.Pf:--(⇒) : Suppose A- is normal . then 7- orthonormal basis f- {vi. . - : for -6

"

St
. [LAI p is diagonal
"
P
"

AP
,
where F- ftp. - . vfñ )



Since P is orthonormal , P is unitary .

In particular F'=P
't

.

⇒ p*AP is diagonal .

(E) .Asinine 7-Ptllcn) sit
. P*AP= :D is diagonal .

then A =PDP* .

then AAA-tPDPM.HDPH-PDPI.PT#.p*--PDD*p*A*A--(PDp** PDP
*

=pDX-p-P.tt?Dp*--PD*DpXNoteDD*--D*Da> Dis diagonal ⇒ AA*=A*A ☐



Similarly , for F-☒ .

we have

theorem Let A c- Mma CRI . then orthogonality diagonalizabk

A issummetriuiff A is ethnographerix.
i. l
,
7-Pt 0cm

.

St
. PTAP is diagonal .

( Pf : Exercise )



Example : A c- ( I I :)
2 2 4

Then 7- P c- 013 ) St
.
PTAP is diagonal .

Find P explicitly .

' First find all eigenvalues & eigenvectors of A .

fact, = (8--4-12--42 . eigenvalues : 1--2 or 8
.

- For 7=8
. (f) is an eigenvector .



For ✗ = 2 .

{
,
(f) }

is a basis for the

eigerspace Ea

• Apply G.S process to get an orthogonal basis

{1%1.111.111}
• normalization

:p { ¥
,

troll:)
,
¥11 )}



• Thus F-

(
¥ ¥ ¥

] C- 013
¥ to ¥

0 -¥ É

and PT. AP = [ 2 g)
D-



§ Spectral Theorem

T normal (F- e)
, self-adjoint ( F- E) operators

⇒
7- orthonormal basis of eigenvectors

normal matrices ( resp . symm matrices ) unitarily ( resp . othog . ) diagonalitable
THAP diagonal .pt H1n1

⇒

Spectral Theorem :

"

F- stretch oprj
"



Prof. Let V be an inner product space and Wcv is a finite -dim subspace
with orthonormal basis {vi. - - .tk }

.

Then the orthogonal projection T : ✓→ ✓ defined by
wTej)=¥<y→, > v5'

1=1

is linear operator . Sit
.

(1) MT)=W
"

and RCT)=W

G)
.

1-2=-1

(3)
.

T is self-adjoint .



k

☒ A) • NLT) -_ { Yell ; i.E.su?vT7vT=o }
= {J

'
c-✓

: CJ ,
vi. 7=0

.
V-i-ii.dk } = Wt

since {I , - - -

,
v53 is a basis for W .

• To show RIT)=W
. Clearly RCT) own

On the other hand
, V-u-Y-W.u-i-i.EU?vi-3vT=-ci3 .

So RCT )=W
.

(2)
. Above argument shows T|w=Iw .

Hence
,
-12--1--51=-1 .



(3)
.

Take I. y→eV .

Write I'=✗T -1×7
. y→=yT+y?

5.t.IP.it?c-W
,
É
, I' c- Wt .

Then < ii. Tej's> = ( XT-1×7,477=45.45 >

CITI, ,y→ > = < x-p , y?+ñ > = <B. YF >

So < ⇒ Top , > = 51cm ,y→> . then Tis self-adjoint .

☐



Given u→
.
What is Tcñ, assuming Thos orthonormal basis of eigenvectors ?

E V orthonormal basis {vi. v5 }
.

Titi ⇒ iii.

T⇐¥ñ______;,y>Tñ⇒ii⇒.ñ
'

y,
prog;Ñ=ñi a-

-
-

- ⇒ Ñ=uT+Ñ =/✗ iprgj-liprj.it
T"%÷É=py;u,→⇒µ→ F- "Tiki

=TiÑ 1=1-1+1-2
.



theorem : Let T be a linear operator on a finite- dim inner product space
V over F with distinct eigenvalues 71

,
:-, 7k

.

Assume that Tishman crop.se#-adjnt)ifF=elresp.F--RHFori--1,.-..k.IetEi--Exibe the eigenspace of T cow
.
to Xi

and let Ti be the orthogonal pnjectim onto Ei
.

Then :

(a)
. ✓ = E, ⑦ - - . ☒ Ek

.

(b)
. EÉ=j¥ Ej for i⇒, - -

.

.
k

.

(c)
. Titj = 8ijTj for b- i. jek

(d)
.

I = T,
-1 -

- - + Tk ← Resolution of the identity operator .

(e) T = IT,
+ It '

- - +InTK ← spectral decomposition .

it t
→

"

spectrum
"

of T



Proof follows from :

• 7- orthonormal basis of eigenvectors .

• Representation of Tlñ) in the previous page .

☐


